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Reduced-Order Structure of Reacting Rectangular Jets
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The results of proper orthogonal decomposition analyses on CO; number density and vorticity magnitude data
from reacting rectangular jet simulations are presented. The resulting proper orthogonal decomposition eigen-
functions are used to develop physical insight of the vortex formations and dynamics of these jets and their related
mixing and spreading characteristics. It is seen that different vortex structures are captured in the eigenfunctions
and that CO; and vorticity eigenfunctions are very similar indicating that vortex-driven mixing dominates in these
jets. The eigenvalue spectra associated with these eigenfunctions are used to evaluate the information content of the
eigenfunctions and the potential for reduced-order models. Using subsets of eigenfunctions with high information
content, CO; and vorticity magnitude distributions can be represented with relatively few eigenfunctions. However,
as the flows develop downstream, more eigenfunctions are needed to represent them to the same level of accuracy.
The potential for reduced-order modeling of each field is approximately the same for the jets of aspect ratios 1, 2,
and 3; however, there is stronger potential for reduced-order modeling of the CO; field than of the vorticity field.

Nomenclature

A = matrix of time coefficients

AR = jetaspect ratio

a; = column vector of associated time coefficients in A
determined via proper orthogonal
decomposition (POD)

C = matrix containing the ensemble of distributions

D = two-time correlation matrix

De = circular-equivalent jet diameter

dx = cell spacing of output grid

E, = amount of information contained in M eigenfunctions

ews = normalized absolute error between two distributions

ems = normalized root mean square error between two
distributions

f = Strouhal frequency of jet forcing

G = integration matrix

1 = identity matrix

M = number of eigenfunctions used in the representation

Ny, = number of eigenfunctions used in the expansion

N, = total number of spatial points

N, = total number of time realizations

N, = number of grid points in the x direction

N, = number of grid points in the z direction

n = scalar distribution of vorticity magnitude or
concentration (number density—molecules/cm?®)

n = best representation of a scalar distribution

Sr = Strouhal number of jet exit flow

I = kth time step in the large-eddy simulation
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Uo = jet-exit velocity
x,z = Cartesian coordinates in the cross-stream direction
y = Cartesian coordinate in the axial direction
Yo = transitional location
Bi = associated eigenfunction weighting factor
for best representation
A = grid cell size
0 = initial momentum thickness
A = matrix of eigenvalues
A = itheigenvalue
Ai = normalized ith eigenvalue
L = matrix of POD eigenfunctions
b, = row vector of the ith POD eigenfunction in &
Qmax = maximum value of vorticity magnitude

Introduction

OMBUSTION control technologies are under development

for application to advanced combustion and propulsion
systems.'~!3 Detection and control of the large-scale flow and scalar
features in these systems are of primary importance as internal
mixing control can improve combustor performance.’>%1%14 An
overview of combustion dynamics and control can be found in the
review article by Candel.® The behavior of a combustion system
is governed by a set of partial differential equations (PDEs) that
describe the fluid dynamics, combustion dynamics, heat transfer,
and acoustics of the system.!> These PDEs and their associated
boundary conditions define a system state located in an infinite-
dimensional state space'®~!® that can change as a function of both
time and condition. Detailed solution of the PDEs is impractical for
control applications, and finite-dimensional or reduced-order mod-
els become necessary to describe the behavior of the system.
Reduced-order models representing the dynamics of a combus-
tion system are crucial to the development of effective combus-
tion control, by providing a model of the system and how it re-
sponds to control actuation.>*%°!! For control applications, these
models have been developed in two ways: 1) through projection of
the governing equations onto a subspace defined by a chosen ba-
sis set'8~2! and 2) through a system identification approach where
a mathematical model describing the relationships among the im-
portant system variables is obtained from empirical input and out-
put data, often including expansions of individual input or output
parameters in a basis set.!!'?? It has been shown that the perfor-
mance of a control system depends highly on the quality of the ba-
sis set used,'® and proper orthogonal decomposition eigenfunctions
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are often utilized®'!1%-21:2=25 because of their ability to represent
important parameters efficiently, requiring only a small number of
eigenfunctions in an expansion.

The Karhunen—Loeve (KL) procedure, or proper orthogonal de-
composition (POD), is one method that could be used to develop
reduced-order models and investigate large-scale structures of a
combustion system. POD decomposes a set of distributions or func-
tions, the ensemble, into an optimal orthonormal set of eigenfunc-
tions able to represent the distributions of the ensemble.'8:26-28
These distributions are represented as a weighted expansion of the
eigenfunctions. Subsets of these eigenfunctions can offer highly effi-
cient representations of important variables in combustion systems.
They are optimal in the sense that they contain the most information
relative to any other basis set and allow one to capture the dominant
features of a system using the fewest basis functions in an expan-
sion. Examination of a few POD eigenfunctions quickly identifies
the most important large-scale structures of the flow enabling the
researcher to visualize the flow behavior and determine where more
detailed investigation is desired. Furthermore, the potential for a
reduced-order model utilizing these basis functions can be evaluated
from their information content as determined from the associated
eigenvalue spectrum derived from POD. The eigenvalue spectrum
quantifies the average contribution of each eigenfunction in repre-
senting the distributions in the ensemble, and thus its relative impor-
tance, to the representation of the system properties. For a reduced-
order model utilizing an expansion in a set of basis functions, a mea-
sure of the potential for modeling is the number of basis functions
necessary to capture the flow physics. Because the POD eigenfunc-
tions provide an optimal basis set, the number of POD derived basis
functions required will be the lowest of any basis set, and POD anal-
ysis can be used as a best case to evaluate the potential for modeling.

Proposed by Lumley in 1967 as a method to recover coherent
structures in turbulent flows,? POD has become widely used for in-
vestigation of organized structures in jet flows. POD has been used
to study velocity data generated by numerical simulation®*3! as well
as particle image velocimetry3?3* and hot-wire measurements®*~3¢
in various jet configurations. POD has also been applied to scalar
fields such as concentration and temperature produced by numerical
simulation®®3!3” and experimental measurement.’?*%3% POD has
been used by a number of researchers to study various spatial struc-
tures in physical flows and systems'®2%%7; for example, it has been
applied to the study of turbulent mixing in jets** and facial pattern
recognition.?” POD results are frequently used to study the dynam-
ics and understand the nature of jet flows. For instance, results have
been used to examine the stagnation-point location and radial veloc-
ity fluctuations in an annular jet.>* The relation between jet stability
and jet flapping and penetration were examined for a round jet in a
counterflow,*? and vortex rings and jet flapping were investigated in
round jet-like flows.>® POD results are also commonly applied to the
identification and evolution of large-scale structures in jet flows and
used in low-dimensional representations of the fields studied.?!:34—38
Tornianen et al. developed a tomographic reconstruction technique
using POD eigenfunctions as basis functions, taking advantage of
the optimality of the eigenfunction set and the ability to represent a
scalar field using relatively few basis functions.?’

Low-dimensional models based on Galerkin projection of
the governing equations onto POD eigenfunctions have been
developed.”!!:30:41:42 Stydies have utilized POD eigenfunctions to
develop reduced-order models of flow over compliant wall surfaces
and coherent structures in turbulent boundary layers*' as well as
turbulent plane Couette flow.*> Models based on POD eigenfunc-
tions have been developed to describe burning characteristics and
instability in combustion systems for use in control applications.>!!
POD eigenfunctions have also been used with partial measurements
of data fields in a Hy/air opposed-jet diffusion flame to estimate “un-
measured” quantities, showing that POD eigenfunctions have good
interpolative properties.3! The forced one-dimensional turbulent jet
studies of Faghani et al. showed that eigenfunctions depend on the
domain of measurements but are possibly invariant in a given flow
for certain relevant parameters, for example, Reynolds number.?
It has been suggested that the use of POD eigenfunctions can be

extended to situations similar to that from which they were de-
rived if the ensemble of distributions from which the eigenfunc-
tions were generated is sufficiently large and contains sufficient
information on the dynamics of the system.?*3> However, for the
majority of applications, models utilizing POD eigenfunctions are
developed for a specific system. Because of the need for an en-
semble of distributions, the eigenfunctions must be derived from
computational®!%-2!2324 or experimental data'!>>2 representative
of the system of interest and are sometimes referred to as empirical
eigenfunctions. The necessary ensemble can contain distributions
resulting from various operating states of a system or a set of mea-
sured or simulated time realizations of important variables in an
unsteady process.

The majority of the studies just mentioned were applied to ax-
isymmetric or plane jets. The studies were performed on nonforced
and forced®~3 flows, and, with the exception of Refs. 31 and 37,
the jet studies were performed on nonreacting flows. Forced jets
are of particular interest because of their use as actuators in com-
bustion control applications.>~7 Rectangular jets have been shown
to passively improve mixing of the jet (e.g., fuel) with its sur-
roundings (oxidizer) through enhanced entrainment as a result of
axis switching and to enhance mixing near corner regions and far
downstream.!*3=% Entrainment and mixing control are highly de-
pendent upon the development of large-scale coherent vortical struc-
tures in the flow and their breakdown into turbulence.

We are investigating CO, and vorticity magnitude data in
forced rectangular reacting jets of varying aspect ratios as
nonpremixed flames where fuel-oxidizer mixing is required for
chemical reaction.*»* Near the jet exit, CO, production is gov-
erned primarily by fuel-air mixing through the vortex formations
there, whereas farther downstream, its presence is governed not
only by production in mixed zones, but also by convective and dif-
fusive transport. CO, concentration data are useful as an indicator
of overall mixing, as well as being an important measure of com-
bustion progress. Vorticity magnitude data are investigated because
of the importance that vorticity plays in the mixing and entrainment
of these jets and the connection between combustion instabilities
and vortex dynamics. %1440

Data for the jet flows studied are obtained from large-eddy sim-
ulation (LES) of the jets, reported separately.*** Although both
experimental and numerical simulation data can be used for the
POD analysis, the need for a large number of distributions in the
ensemble makes simulation data the most attractive choice. LES
reduces the need for the extensive computational resources required
by direct numerical simulation (DNS) and eliminates the need for
experimental resources needed to gather large amounts of data on
multiple jets for this study.

In this paper the results of POD applied to CO, concentration
and vorticity magnitude fields in forced rectangular reacting jets of
aspect ratios AR = 1-3 are reported and discussed. By consideration
of eigenvalue spectra and eigenfunction information content, we
evaluate the potential for reduced-order modeling of vorticity and
scalar fields in forced rectangular jets using a limited number of
basis functions. In addition, we investigate the structures of these jets
through the study of the vorticity magnitude and CO, concentration
fields. Through comparison of these two fields, we can investigate
the effect of vorticity on jet mixing and combustion and extract
physical insight about the jet structures.

Reacting Rectangular Jets

LES of turbulent reacting rectangular jets was performed on
forced jets of varying aspect ratios (AR = 1-3).4>** Monotonically
integrated LES (MILES)*~%47=52 was used for the LES compu-
tations in this paper. The MILES approach involves solving the
unfiltered Euler or Navier—Stokes equations with high-resolution,
locally monotonic algorithms such as the flux-corrected-transport
(FCT) method or the piecewise parabolic method. Nonlinear high-
frequency filters built into the algorithms provide implicit subgrid-
scale (SGS) models eliminating the use of explicit SGS models intro-
duced for closure in conventional LES. Formal properties of the ef-
fectual SGS modeling using MILES are presented in Refs. 44 and 48.
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By design, the simulated rectangular jets differed in AR but had
otherwise essentially identical initial conditions, including nearly
identical De. Propane—nitrogen jets were issued into a quiescent
oxygen—nitrogen background, with reactant molar concentrations
chosen to be the same and equal to 0.4, a Mach number of 0.3,
and Reynolds number greater than 8.5 x 10*—based on the jet-
exit velocity Uo and the circular-equivalent jet diameter De (the
diameter of a round jet having the same cross-sectional area).
Typical Reynolds number for the jets discussed in this paper is
Re=UoDe/v > 8.5 x 10* based on estimated upper bounds for
the effective numerical viscosity of the FCT algorithm.*4° The
jets were initialized with laminar conditions, thin rectangular vor-
tex sheets, slightly rounded-off corner regions, and uniform initial
momentum thickness 0, such that De/0 = 50. The jet-exit velocity
was forced axially by superimposing a single-frequency sinusoidal
perturbation on the jet-exit velocity, Uo =200 m/s, having an rms
level of 2.5% and Strouhal frequency Sr = f De/Uo =0.48.

A global (single-step irreversible) model for propane chem-
istry was used,**3 C;Hg+50, 3CO,+4H,0, with the fuel
consumption rate given by w = A, exp(—E,/RT)[C3Hg]*[0,]%,
a=0.1,=1.65A4,=8.6x 1011 cm?>®mol™7s, and E, =
30 kcal mol~!. As the fuel consumption rate is sensitive to fuel
and oxidizer concentrations as well as temperature, it can handle
extinction and reignition in a limited manner when there are large
fluctuations in concentrations or temperature. Given the simplified
chemistry model used and the assumption of near unity Lewis num-
bers (typical Le range from 0.8 to 0.94), coupling relations between
species and temperature can be developed.*> With these assump-
tions, it is expected that temperature or species data for the POD
analysis will provide the same information with regard to the poten-
tial for modeling of these fields. Convective mixing (stirring) and
fast chemistry dominate in the flow regime of these jets (fast flow,
high Damkohler number), such that this combustion model is use-
ful to provide a reasonable, simple framework to assess the utility
of POD. This chemistry model is reasonable for calculating heat-
release rate for use in combustion instability and control studies.*”->°
The background gases were at 1400 K to ensure autoignition of the
jet. Multispecies temperature-dependent diffusion and thermal con-
duction processes were calculated explicitly using central difference
approximations and coupled to the chemical kinetics and convection
using time-step-splitting techniques. The numerical model was sec-
ond order in space and time.*’ Subgrid fluctuations were neglected,
and instantaneous evaluation of relevant combustion quantities such
as diffusivities, thermal conductivities, and fuel burning rates was
performed directly in terms of unfiltered variables. Further details on
the simulated transport properties and their validation are discussed
in Refs. 43, 44, and 47 and references therein.

The close relationship between unsteady fluid dynamics and
nonpremixed combustion in high-speed propane jets emerging into
an air background was used to illustrate the potential practical impact
of the vortex dynamics on the jet entrainment. For the jet regimes
considered, large-scale vortex-driven convective mixing dominated,
and instantaneous entrainment and fuel-burning rates were highly
correlated.’ These are precisely the kinds of regimes (large-scale
driven entrainment, mixing, and combustion) where LES can be
expected to be useful. Moreover, because the regimes involve near-
unity jet-to-background density ratio and virtually negligible pref-
erential diffusion effects such that differences in Lewis and Schmidt
numbers between the jet and surroundings are small, the results for
propane reactive jets discussed are not very dependent on the com-
bustion specifics.***” The main focus of the simulations is to relate
unsteady jet combustion and fluid dynamics while examining the
basic topological features of the jets.

Jet simulations were performed on a 140 x 200 x 140 computa-
tional grid, and the results were presented on a 120 x 200 x 120
inner subdomain, at up to 63 equally spaced times with time
interval=0.1/f. The cell spacing dx of the output grid was
equal to 0.015 cm, and the reference equivalent jet diameter was
De =0.338 cm (Fig. 1). Jet dimensions are 0.3 x 0.3, 0.21 x 0.42,
and 0.18 x 0.54 cm for the AR =1, 2, and 3 jets, respectively. Con-
vergence studies indicate that the MILES approach is capable of

120dx
12(1(1// ‘ >
—5.7De
200dx
i —2.6De
| | —0.4De

JET
JET

Fig. 1 Schematic diagram of computational domain representing the
output grid provided for this study.’’

capturing the dominant inertial subrange in these flows. Previous
spectral analysis* of the jets presented on the coarse and fine grids
in Appendix A showed similar trends for amplitudes and self-similar
behaviors on the smallest resolved scale. Grid-resolution issues in
the context of POD are addressed in Appendix A.

Proper Orthogonal Decomposition

Proper orthogonal decomposition is a mathematical procedure
that we have applied to the study of reacting forced jets. It is useful
because it produces an optimal orthonormal set of eigenfunctions
from an ensemble of distributions. The eigenfunctions are optimal in
the sense that they are calculated to have the smallest mean-squared
error in representing the ensemble of distributions for any fixed num-
ber of terms in the expansion compared to any other basis set.?6=28
Because of the optimality of the POD basis set, it can be used as a best
case to evaluate the potential for development of a reduced-order
model utilizing an expansion in any set of basis functions, making
POD analysis useful to the development of reduced-order models
of the system under investigation. POD is used here to investigate
the potential for reduced-order modeling of forced reacting rectan-
gular jet systems through evaluation of the eigenvalue spectra and
eigenfunction information content, as well as to capture and study
large-scale features of these jet flows, specifically large-scale spatial
structures in CO, concentration distributions and vorticity magni-
tude distributions. The most important POD eigenfunctions contain
those structures that are the most significant, primarily large-scale
structures. Because the large scales are well resolved with LES and
we are interested in retaining the most important eigenfunctions for
modeling and analysis, POD analysis is well suited for this study. In-
formation regarding the spatiotemporal behavior of the large-scale
structures can be gained from the results of POD applied to the CO,
and vorticity fields.

An ensemble of time realizations such as those in this study can
be expanded as a superposition of KL eigenfunctions, each with
a set of associated time coefficients that correspond to all of the
time realizations of the ensemble. Each eigenfunction also has an
associated eigenvalue, which classifies the importance of the eigen-
function to the representation of the ensemble of time realizations.
The eigenvalues are the mean square of the associated time coeffi-
cients. The KL eigenfunctions and time coefficients are determined
from a matrix eigenvalue problem via the method of snapshots.?’-?8
Using this method, eigenfunctions are given by a superposition of
instantaneous distributions from the set of time realizations, pro-
ducing an intrinsically defined basis set. Details of formulation of
the matrix problem that follows are included in Appendix B.

Two-dimensional POD decomposes the ensemble of scalar dis-
tributions {n}, calculated at a set of discrete time realizations (z;)
and chosen at specified axial locations in the jet, into a set of eigen-
functions {¢} with time coefficients {a}:

Nim
(i, 2,10 = Yy alt)i(xi, 2;)
=1
i=1,...,N,, j=1,...,N,, k=1,....,N, (1)

4
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N, and N, are the number of grid points in the x and z directions,
respectively, equal to 120 in both directions, N, is the number of time
realizations analyzed (approximately 60), and N,, is the number of
eigenfunctions used in the expansion.”’-2%37 Generally, the number
of eigenfunctions N,, necessary for a sufficient representation of
a distribution n(x, z, f;) is much smaller than the total number of
eigenfunctions provided by the POD analysis N,.

As noted, the eigenfunctions are given by a superposition of
instantaneous distributions producing an intrinsically defined ba-
sis set. The time coefficients and eigenfunctions are calculated by
solving the following matrix eigenvalue problem through Cholesky
factorization:

DA = AA 2)

where D € RV <N A ¢ RV >N and A e RN * N, A is a diagonal
matrix containing the associated eigenvalues.?”-?%37 The two-time
correlation matrix D is defined by

D = (1/N))CGCT 3)

where C is a N; x N, (N, =N, x N;) matrix containing the en-
semble of distributions and G is a N, x N, integration matrix. The
integration matrix G is used to obtain the discrete estimate of the
two-time correlation matrix D (Ref. 28). The eigenfunctions are then
calculated as3

® = (1/N)A'ATC 4)

where the N, x N, matrix ® contains N, eigenfunctions that are
normalized according to

PGP =1 (&)

The eigenvalue A;, associated with the eigenfunction ¢;, classi-
fies the importance of that eigenfunction in the representation of
the ensemble of distributions investigated. The eigenfunctions are
arranged in order of importance, the first eigenfunction having the
largest eigenvalue and the last eigenfunction having the smallest
eigenvalue. The total amount of information present in a subset of
eigenfunctions, termed the information content, can be evaluated
as the sum of the subset of normalized eigenvalues. It is therefore
possible to estimate the contribution of any particular eigenfunction
or subset of eigenfunctions to a representation by determining the
information content therein [see Eq. (7)]. It is important to note,
however, that the “importance” of an eigenfunction to the repre-
sentation is an average quantity of the entire ensemble and may
be described as an ensemble average importance. However, for any
given distribution in the ensemble, the amount of information a par-
ticular eigenfunction can capture in the distribution can differ from
the amount of information it captures in the ensemble on average.

For this study, the eigenvalues were normalized as

ri=M / ix_, (6)

j=1

following the analysis in Ref. 37 and were used to classify the in-
formation content of a subset of the first M eigenfunctions E ),
(sometimes referred to as the “energy” of an eigenfunction®®27)

M
Ey = Z)_“" @)

i=1

Results

POD is used here to investigate the potential for reduced-order
modeling of forced reacting rectangular jet systems through anal-
ysis of eigenfunction information content, as well as to capture
large-scale spatial structures in concentration and vorticity mag-
nitude distributions. Information regarding the spatiotemporal be-
havior of the large-scale structures is investigated using the re-
sults of POD applied to these fields. Results were obtained by

performing POD on sets of planar CO, concentration and vortic-
ity magnitude distributions containing approximately 60 time re-
alizations. Distributions at seven axial locations were examined:
y=0.4De,2.2De,2.6De,3.3De, 4.8De,5.7De, and 6.6De. Re-
sults representative of the CO, and vorticity fields are presented
here for y=0.4De, 2.6 De, and 5.7De.

CO; Concentration

The first KL eigenfunctions of CO, concentration are presented
in Fig. 2 for the axial locations just described in reacting rectan-
gular jets of aspect ratios 1-3. The normalized eigenvalue spectra
corresponding to the eigenfunctions produced by POD at these loca-
tions are shown in Fig. 3. The first eigenfunction, having the largest
eigenvalue, is considered to be the eigenfunction most closely cor-
related to the distributions contained in the ensemble and the single
eigenfunction that best represents the jet distributions.?” This eigen-
function contains over 95% of the total information in the set of
eigenfunctions at 0.4De and over 75% of the information at 5.7De
for the aspect ratios considered; see Table 1. Close to the jet exit (at
0.4De), the first eigenfunction for each jet shows some lobes begin-
ning to develop near the corner regions of the jets. In the center of
each eigenfunction is a rectangular region where no CO, is present,
indicating the fuel region of the jet. At locations close to the jet exit,
the first eigenfunctions are of similar shape for each aspect-ratio jet.
However, farther downstream (at 2.6De), the eigenfunctions begin
to differ as a result of different vortex dynamics between the jets.*>#*
Lobes develop at the corners of each jet; however, these lobes are
far more pronounced for AR=1 than for AR=2 or 3. The lobes
increase the spreading of the square jet in the corner regions over
that of the rectangular jets at this axial location. For aspect ratios of
2 and 3, ridges develop along the major sides of the rectangular jets
that are less prominent in the case of the square jet. The peak levels
of CO, are approximately the same in the eigenfunctions for the
different aspect ratios, consistent with the results from numerical
simulations of these jets.

Far downstream (at 5.7De), the first CO, eigenfunctions are much
more diffuse and complex. The lobes and ridges that are well defined
at y =2.6De have lost their definition and become more random.
The eigenfunctions suggest better mixing and entrainment in the
AR =2 and especially AR = 3 jets compared to the square jet. This is
evident in the more uniform concentration of the first eigenfunctions
in the rectangular jets when compared to the square case and is
caused by more intense streamwise vorticity in these jets.*>** More
extensive spreading of the CO, field in the AR =3 and, to some
extent, the AR = 2 jets is also noted at this axial location, in contrast
to axial locations closer to the jet exit where there is enhanced
spreading of the square jet. Note that the fuel core region remains
visible even at these downstream locations.

Vorticity Magnitude

The first eigenfunctions of vorticity magnitude are displayed in
Fig. 4 for axial locations y = 0.4 De, 2.6 De, and 5.7De with the cor-
responding normalized eigenvalue spectra for these locations dis-
playedin Fig. 3. The second eigenfunctions of vorticity are displayed
in Fig. 5. Eigenfunction information content is presented in Table 1.

The eigenfunctions display well-defined vortex structures at
y=0.4De and 2.6De. Vorticity magnitude data after vortex struc-
ture breakdown and transition to turbulence in the far jet are dis-
played at 5.7De. The vorticity eigenfunctions also capture different
vortex structures in the flow dependent on the aspect ratio of the
jet. The structures apparent in the corresponding eigenfunctions of
AR =2 and 3 jets are similar to each other; however, different vor-
tex structures are apparent in the corresponding eigenfunctions of
the square jet. This reflects the inherent differences in the vortex
dynamics of square vs rectangular jets. Although different vortex
structures can be captured in the eigenfunctions of the three jets,
eigenvalue spectra suggest that the same number of eigenfunctions
for each of the jets is required to capture a specified amount of
information in the flow.

Although the vorticity magnitude does not contain any direc-
tional information, previous studies have determined the dynamics



EDWARDS ET AL. 1079

a) CO; eigenfunction 1 at y=0.4De

b) CO; eigenfunction 1 at y =2.6De

¢) CO; eigenfunction 1 at y =5.7De

d) CO; eigenfunction 1 at y =0.4De

e) CO; eigenfunction 1 at y = 2.6De

f) CO; eigenfunction 1 at y =5.7De

0.056
0.04
0.03
0.02
0.01

0
g) CO; eigenfunction 1 at y =0.4De

0.03

0
h) CO; eigenfunction 1 at y = 2.6De

0.02

0.015

Y

i) CO; eigenfunction 1 at y=5.7De

Fig. 2 First eigenfunctions of CO; at y=0.4De (a, d, g), 2.6De (b, e, h) 5.7De (c, f, i) for a—c) AR =1, d—f) AR =2, and g—i) AR =3 jets. Notice the lobes
that develop in the corner regions and the ridges that develop along the major sides of the jets.

and topology of the coherent structures in these jets.*>** Compar-
isons of detailed data of these structures with POD results indi-
cate that different vorticity eigenfunctions can be associated with
specific vortex orientations. For instance, the first eigenfunction at
y=2.6De (see Fig. 4) appears to capture streamwise vorticity in
the form of rib pairs for the square jet and single ribs aligned with
corner regions in the rectangular jets. The rib pairs present in the
square jet produce larger streamwise vorticity and larger jet spread-
ing in the corner regions of the square jet than for the rectangular jets
at y =2.6De, consistent with the spreading seen in the CO, eigen-
functions. The second eigenfunction appears to capture portions of
the azimuthal vortex ring more strongly than other eigenfunctions,
as well as capturing additional streamwise vortex formations, in-
cluding vortex ring distortion and rib pair coupling in the square
jet. The third eigenfunction (not displayed) also captures primarily
streamwise vorticity.

Comparisons of the first eigenfunctions of CO, and vorticity re-
veal similar shapes and nonzero spatial extent at each axial loca-
tion. This is expected because it is vortex-driven convective mixing
that dominates in these reactive jets. Highly correlated entrainment
and fuel burning rates are expected as the AR-dependent coher-
ent structures have an important role in jet spreading, mixing, and
combustion.**

Axis Switching

Studies have shown that as a rectangular jet spreads, the shape
of its cross section can evolve with downstream distance in such
a way that the axes of the jet will rotate in ways determined by
the jet geometry. As the jet spreads, it will contract in the direction
of the major axis and expand in the direction of the minor axis.
The cross section will evolve through an intermediate rhomboidal
shape where the jet widths are equal in both directions, termed the

Table 1 Percentage of information content of each CO,
and vorticity magnitude eigenfunction presented

Eigenfunction AR y=04De,% y=2.6De,% y=5.7De, %
COy: 1st 1 95.22 90.08 80.74

2 95.78 86.11 84.74

3 97.18 87.32 85.71
Vorticity: Ist 1 92.97 71.94 61.86

2 92.89 67.73 59.16

3 93.26 67.29 60.95
Vorticity: 2nd 1 5.78 6.43 5.05

2 5.76 6.38 5.36

3 5.69 7.83 5.09

crossover location. The axes of a square jet rotate 45 deg while those
of arectangular jet rotate 90 deg, interchanging the major and minor
axes of the jet. This is denoted as axis switching.*>**3° Rectangular
jets passively improve mixing through enhanced entrainment due to
axis-switching. Axial forcing of these jets is one way to make axis
switching more pronounced, by increasing the vortex ring strength
and coherence.*>**

The streamwise location of axis switching increases with as-
pect ratio. In the present results, axis switching can be seen in
several of the eigenfunctions in Fig. 6. The eigenfunctions make
axis-switching phenomena more apparent than individual distribu-
tions from the ensembles. For the AR = 1 jet, the first axis switching
occurs at approximately y =2.5De. The 45-deg rotated vortex ring
and its influence can be seen in the first eigenfunctions of both vor-
ticity and CO,. For the AR =2 jet, the first 90-deg axis switching
occurs at approximately 5SDe and can be seen in the second eigen-
function of vorticity at y =4.8 De in Fig. 6. The first switching for
the AR = 3 jet occurs past 6.6De. At the axial locations studied here,
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Fig. 3 Eigenvalue spectra for CO, and vorticity eigenfunctions at
a) y=0.4De, b) y=2.6De, and c¢) y =5.7De.

it is only possible to see the intermediate rhomboidal jet cross sec-
tion at the crossover location in the first eigenfunction of vorticity
at y=6.6De for the AR =3 jet. POD analyses were performed at
the downstream locations chosen based on expected axis-switching
distances in the three jets, determined in previous studies.*>*+37
The switching distance for the AR =1 jet is expected to be approx-
imately one-half and one-third of the distances for the AR =2 and
AR =3 jets, respectively. This expectation is consistent with the
results seen in the POD eigenfunctions.

Eigenvalue Spectra and the Potential
for Reduced Modeling

Eigenvalue spectra for CO, and vorticity magnitude are shown
in Fig. 3 for the locations y = 0.4, 2.6, and 5.7De. Near the jet exit,
the spectra for both fields drop off rapidly, indicating that the ma-
jority of information in each set of eigenfunctions is contained in
the first few eigenfunctions. This indicates a strong potential for
reduced-order modeling using a small number of eigenfunctions to
represent distributions contained in the ensembles of CO, and vor-
ticity distributions. As axial distance from the jet increases (moving

downstream), the information content of a subset of a fixed num-
ber of eigenfunctions decreases in each case, evident in the slower
decrease in the eigenvalue spectra. At downstream locations more
eigenfunctions are needed to capture the same amount of informa-
tion that is present in a smaller number of eigenfunctions closer to
the jet exit. This is a result of the evolution of the flow through tran-
sition to turbulence and breakup of large-scale structures, leading
to an increase in complexity as measure by the required number
of eigenfunctions necessary to represent the flow. The decrease of
information in a given subset of eigenfunctions continues until ap-
proximately y =4 De, beyond which point the information content
of a subset of eigenfunctions remains approximately the same. The
eigenfunctions, on the other hand, continue to change. This indi-
cates that the CO, and vorticity fields have reached a constant level
of complexity as measured by the information content of a fixed
number of eigenfunctions.

At all axial locations, the eigenvalue spectra for the three dif-
ferent aspect-ratio jets are approximately the same, indicating that
about the same number of eigenfunctions are needed in each jet to
capture a given amount of information. Comparing the CO, spectra
and the vorticity magnitude spectra, it is seen that the information
content of a subset of eigenfunctions of CO, is greater than the in-
formation content of the same number of vorticity eigenfunctions,
more significantly as distance from the jet exit is increased. Near
the jet exit, CO, production is primarily governed by production
in regions mixed through large-scale vortex formations, resulting
in similar eigenfunctions and eigenvalue spectra for the two fields.
Farther downstream, the CO, field is more diffuse and uniform as its
presence is determined not only by production in mixed regions but
also by convective and diffusive transport. Differences are seen in the
eigenfunctions as vorticity eigenfunctions contain more small-scale
structure than CO, eigenfunctions at these downstream locations
(compare Figs. 2 and 4), requiring use of additional vorticity eigen-
functions to capture the information in the flow. Hence, reduced-
order modeling based on a small number of eigenfunctions might
be more feasible for the CO, field than for vorticity.

The development of a reduced-order model is dependent on the
ability of a limited number of basis functions to capture the flow
physics and represent the important flow parameters. The POD
eigenfunctions presented here are the most efficient basis set pos-
sible for this particular problem. A reduced-order model could be
developed through Galerkin projection of the governing equations
of the flow onto the basis functions,'® resulting in a set of ordinary
differential equations that describe the flow through the evolution of
the associated time coefficients of each basis function. A reduced-
order model based on a subset of the most important eigenfunctions
would require modeling of the small-scale processes not captured by
these eigenfunctions; however, this would be true for any reduced-
order model. For control applications, input and output parameters
can be represented by an expansion of basis functions and relations
between these parameters used to develop a reduced-order model
using system identification methods or Galerkin projection of the
governing equations. Development of a reduced-order model for
control is often system specific and can be highly dependent on the
basis set utilized.

Relevant to this study, two-dimensional POD analysis of the flow
provides a basis set for use with two-dimensional measurements of
combustion parameters for tomographic or other applicable tech-
niques. Measurements in the cross-stream direction allow for the
study of axis-switching phenomena present in these jets. In a mea-
surement context, three-dimensional measurements of quantities
such as pressures, species concentrations, temperature, emission,
etc., are often difficult and costly. One- or two-dimensional mea-
surements are often made on a combustion system at fixed loca-
tions. Measurements of these quantities can then be used for feed-
back control of the system utilizing a reduced-order model based
on the measured parameters at these fixed locations.'!!32:3:5° CQ,
eigenfunctions could be used to develop a model for CO, forma-
tion rate, which is proportional to the heat-release rate and hence
could be used in combustion instability studies. CO, eigenfunctions
also can be used for tomographic analysis?®*” and monitoring of a
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1082 EDWARDS ET AL.

Vorticity eigenfunction 2 at y=2.6De

a)

Vorticity eigenfunction 2 at y=4.8De

]
Fig. 6 Vorticity eigenfunctions displaying axis switching in the three
jets: a) switching first occurs at y =2.6De for AR =1, b) switching first
occurs at y=4.8De for AR =2, c) switching occurs past y=6.6De for
AR =3; intermediate rhomboidal shape at crossover is displayed here.

combustion system. Studies have shown that vortex dynamics are
linked to sustaining combustion instabilities,'%'44¢ indicating that
development of a reduced-order model based on vortex dynamics
could be important for use in active combustion control. The re-
sults of the POD analysis presented here are representative of the
jets under investigation and reflect the flow dynamics evident in the
ensemble of distributions from which they were derived. Therefore,
the eigenfunctions are specific to each jet and downstream location
in this study; nonetheless, they are useful for developing models of
these jets for use in combustion control applications where forced
jets are of interest as actuators.3~’

The information content of subsets of eigenfunctions E), is quan-
tified in Tables 2 and 3 for different axial locations. Because the
eigenvalue spectra for the three jets are approximately the same at
each axial location, average values of the information content of the
three jets have been used.

A way to examine the representational capabilities of subsets of
eigenfunctions is to calculate the best representation of a given dis-
tribution in the training set. The best representation of a distribution
n(x, z, ;) using a subset of M eigenfunctions is given by

M
nx, 2,10 X AG 20 = Y Bt e (x, 2) @®

i=1

where n(x, z, f;)is the best representation using the first M eigen-
functions and g;(#) is the associated weighting factor for each

Table 2 Comparison of information content of subsets of CO,
eigenfunctions (average values for the three aspect-ratio jets)

Ey y=0.4De, % y=2.6De, % y=5.7De, %
E, 96.06 87.84 83.73
Es 99.81 95.6 95.58
Eyo 99.94 97.95 98.13

Table 3 Comparison of information content of subsets of vorticity
eigenfunctions (average values for the three aspect-ratio jets)

Ey y=0.4De, % y=2.6De, % y=5.7De, %
E; 93.04 68.99 60.66
Es 99.78 83.98 76.04
Eo 99.91 90.54 84.79

Table 4 Errors in representations of chosen CO;,
and vorticity magnitude distributions using subsets
of eigenfunctions are presented

Distribution M €rms Cabs €max
COy,2.6De 2 0.2894 0.2203 2.9508
4 0.2030 0.1526 0.6853
6* 0.1640 0.1255 0.7915
8 0.1450 0.1126 0.7070
10 0.1256 0.0981 0.6143
12 0.1196 0.0911 0.5912
Vorticity, 2.6 De 2 0.4516 0.4403 0.8169
4 0.4469 0.4515 0.8135
6 0.3009 0.2688 0.3825
8 0.2717 0.2512 0.9630
10 0.2576 0.2242 0.4230
12 0.2517 0.2116 0.4154

2Boldfaced values indicate the representations presented in Figs. 7 and 8.

eigenfunction ¢; at time #,. The weighting factors are chosen to
minimize the difference between the actual distribution and the best
representation of that distribution, that is, to minimize the norm
ln —n| given M eigenfunctions. The weighting factors are cal-
culated by taking the inner product of the actual distribution with
each eigenfunction. It is thus possible to reduce the representation
problem to order M, where M is the number of eigenfunctions
determined to give a sufficiently accurate representation of a distri-
bution. Sirovich suggests defining the representational dimension as
the number of eigenfunctions with eigenvalues greater than 1% of
the first eigenvalue.?” An expansion based on these eigenfunctions
will capture at least 90% of the total information. For example, based
on this concept, 10 vorticity eigenfunctions and six CO, eigenfunc-
tions (capturing 91.5% and 97.0%, respectively) are necessary for
the AR =1 jet at y =2.6De. The number of eigenfunctions needed
for a particular model or representation will most likely be chosen
based on the accuracy needed for a given application. Sample rep-
resentations are presented in Figs. 7 and 8. The associated errors are
quantified in Table 4 using the following error measures discussed
in Ref. 60.
1) Normalized rms error:

In(xi,z;) — (i, z) | F

J J

ms -
ln(xi, z;) —nllr

()

where

_ n(x;, z;)
i _ZZTXNZ (10)
2) Normalized absolute error:

N. N ~
e Z,‘il Zj;1|n(xi,Zj)_n(xivzj)|
abs — N N,
iil jz=1|n(xi7zj')|

an
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3) Normalized maximum error:

O = max[|n(x;, Zj) —n(x;, Zj)l] (12)

n (xmaxa Zmax)

Summary

Proper orthogonal decomposition has been used to analyze en-
sembles of two-dimensional distributions of concentration and vor-
ticity magnitude in forced reacting rectangular jets of aspect ratios

1-3. The ensembles were constructed at various downstream lo-
cations using CO, concentration and vorticity magnitude data ob-
tained by computation; they contained 60 and 63 members, respec-
tively. Proper orthogonal decomposition produced sets of eigen-
functions useful for investigating the large-scale features of the
flow, and eigenvalues used to evaluate the information content of
the eigenfunctions and the potential for reduced-order modeling of
these combustion variables using a limited number of basis func-
tions. Although not part of this investigation, spectral analysis of the
POD-derived time coefficients could be used to investigate the tem-
poral contributions of individual eigenfunctions and to gain insight
into the dynamics of the flow.

Results of proper orthogonal decomposition applied to CO, con-
centration and vorticity magnitude distributions show CO, eigen-
functions and vorticity eigenfunctions of similar shapes and nonzero
spatial extent, consistent with the understanding that vortex-driven
mixing dominates in these jets. The results show similar eigenfunc-
tions for the different aspect-ratio jets at locations near the jet exit.
However, the similarity decreases as downstream distance from the
jet exit increases. The differences are evident in the different vortex
structures that are captured in the rectangular jets and square jet
eigenfunctions, for example, single ribs located in corner regions
of the rectangular jets as opposed to rib pairs present in the square
jet, and result from the inherent differences in the vortex dynamics
of these jets. Differences in the extent of the spreading of the CO,
eigenfunctions between the rectangular and square jets are also dis-
played, resulting from the different vortex structures just mentioned.
The vorticity eigenfunctions can be associated to some extent with
different vortex orientations, for example, the first eigenfunction
appears more correlated with streamwise vorticity, whereas the sec-
ond eigenfunction is more correlated with the azimuthal vortex ring.
Axis switching is evident in the eigenfunctions at axial locations that
are consistent with expectations, for example, axis-switching dis-
tances increase with aspect ratio. Although new structures or flow
physics have not been revealed through the POD analysis, it is use-
ful in the interpretation of the LES results as it eliminates the need
for detailed analysis of many timesteps. Large-scale structures are
easily identified in the POD results, and phenomena such as axis
switching are readily apparent.

Eigenvalue spectra and eigenfunction information content are ex-
amined at various downstream locations. Near the jet exit, the spec-
tra for both CO, and vorticity magnitude show that the majority of
the information contained in the eigenfunctions is present in the first
few eigenfunctions of CO, and vorticity, which indicates a good po-
tential for reduced-order modeling at this axial location. However,
the complexity of the CO; and vorticity eigenfunctions increases as
distance from the jet exit increases up to approximately y =4De.
This indicates that additional eigenfunctions would be necessary
for reduced-order modeling at locations farther downstream, and
the potential for reduced-order modeling based on a small set of
eigenfunctions at these locations is less than that near the jet exit.
After approximately 4De, evaluation of the eigenfunction informa-
tion content and the eigenvalue spectra suggests that a constant level
of complexity in the flow has been reached. This is evident in the
near constant amount of information content contained in a fixed
number of eigenfunctions as distance from the jet exit is increased
past this location. At each axial location the eigenvalue spectra are
approximately the same for the different aspect-ratio jets, indicating
that a similar amount of information is contained in a fixed num-
ber of eigenfunctions for each of the jets. However, the information
content of a fixed number of CO, eigenfunctions is greater than the
information content of the same number of vorticity eigenfunctions,
indicating a greater potential for reduced-order modeling of the CO,
concentration field. As a result, more vorticity eigenfunctions are
needed to accurately represent a vorticity distribution from the en-
semble than the number required for a representation of a CO, dis-
tribution of the same accuracy.

In this paper, we have investigated the results of proper orthog-
onal decomposition analysis on unsteady, reacting rectangular jets.
Through evaluation of the eigenvalue spectra and eigenfunction
information content, we have determined that there is a stronger
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potential for reduced-order modeling of the CO, field than for the
vorticity field, although these potentials are approximately the same
for the three rectangular jets studied. We have gained physical in-
sight through examination of the resulting eigenfunctions, specifi-
cally relating to vortex structures and the development of the CO,
concentration field through mixing and spreading at locations down-
stream from the jet exit. Axis-switching phenomena and the influ-
ence of vortex dynamics on mixing are also evident in the POD
eigenfunctions.

Appendix A: Grid-Resolution Issues

The computational domains used in the original simulations in
Ref. 44 had streamwise lengths between 7De-10De and extended
up to SDe-10De away from the jet axis in the transverse directions.
Various grids were used in the original simulations; for AR =1, for
example, the number of grid points ranged between 87 x 112 x 87
(spacing 2A) to 174 x 225 x 174 (spacing A), with most of the sim-
ulations typically carried out on computationally convenient grids
at the intermediate resolution 1.5A; the smallest cell size consid-
ered was A = De/42 (Refs. 43 and 44). In all cases, the time step
used in the temporal integration was determined as a function of
the smallest grid spacing based on a fixed Courant number of 0.4.
The computational grids used evenly spaced cells in the shear flow
region of interest. Geometrical grid stretching in the cross-stream
direction outside of the latter region was used to implement the open
boundary conditions there.*? The data used for the POD analysis on
the rectangular jets in this investigation were generated at the inter-
mediate resolution with characteristic spacing 1.5A. Data sets were
obtained from similar simulations of a nonreacting square jet carried
out on the finest and coarsest such grids. Because the vortex dynam-
ics and topology of the reacting rectangular and nonreacting square
jets are similar and the Reynolds-number regime is the same, the
nonreacting square jet simulations are applicable to address grid-
resolution issues in what follows.

3.30De
2.750e
2.200e

a)

3.300e
2.750e
2.20De

b)

Because we are dealing here with LES (as opposed to DNS),
the meaningful issue to be addressed is convergence of the largest
scales of the simulated flow. Figure A1 compares vorticity distri-
butions on streamwise planes passing through the jet axis; run rc40
was carried out on the 174 x 225 x 174 grid with one-half the mesh
spacing of the 87 x 112 x 87 rc36 grid; the finest-resolved vortic-
ity data were interpolated onto a grid with the same spacing as the
coarsest to generate the frames in Fig. A1. Comparison of snapshots
at representative selected times in Fig. Al indicates that the large-
scale features are virtually identical in the first few diameters of
streamwise extent, say, up to a transitional location of yy & 2.75De;
downstream of which differences are more apparent, reflecting sig-
nificantly more smaller-scale features captured on the finest grid
after transition to turbulence—which also affect the large scales of
the simulated flow.

Figures A2 and A3 examine the grid-resolution issues from the
perspective of POD analysis. Analysis is based on the available vor-
ticity simulation data from runs rc40 and rc36 at 10 equally spaced
time steps, over a time interval spanning two forcing periods—
significantly less than that used in the POD analysis just presented
(60 samplings over six forcing periods). A large number of distri-
butions is desirable for POD analysis, and additional grids would
allow for more comprehensive convergence studies; however, the
production of numerous distributions on different LES grids is com-
putationally intensive, and thus we have chosen to use preexisting
simulation data for the present grid-resolution studies.*~%

POD analysis is useful for investigating grid-resolution issues
in an unsteady process, as differences in the flow resulting from
changes in the simulation grid will alter both the resulting eigen-
functions and eigenvalue spectra. The specific nature of the eigen-
functions makes them useful as a mechanism for determining the
adequacy of LES resolution through evaluation of the small-scale
information captured in the eigenfunctions and the associated eigen-
value spectra. Changes in the eigenvalue spectra caused by differing
amounts of small-scale information captured on the different grids

t=t3

Fig. A1 Vorticity distributions on streamwise planes passing through the jet axis for a) run rc40 and b) run rc36.
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Fig. A2 Normalized eigenvalue spectra at a) y; =2.2De and b) y, =3.3De.
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Fig. A3 Comparison of eigenfunctions from re36 and re40 jet simu-
lations: a) first eigenfunctions of vorticity for rc36 jet (left) and rc40
jet (right) at y; =2.2De (top) and y; =3.3De (bottom); and b) second
eigenfunctions of vorticity for rc36 and rc40 jets at y; =2.2De (top) and
y2 =3.3De (bottom).

are useful in evaluating grid resolution. The relevant quantity to be
computed is the amount of information contained in a subset of
eigenfunctions as deduced from the eigenvalue spectra. By com-
parison of a subset of eigenfunctions resulting from POD analysis
of different grid resolutions, if the eigenvalue spectra are suitably
similar for the different grids, one can determine a measure of grid-
resolution suitability based on the amount of information contained
in the subset of eigenfunctions.

Figure A2 compares the normalized eigenvalue spectra at two rel-
evant streamwise locations, y; =2.2De < yy and y, =3.3De > y,.
By design, y; and y, were chosen to straddle the transitional location
y =Yyo. The two eigenvalue spectra compare favorably at y =y,
but somewhat less favorably at y =y, especially at higher index
number. In Fig. A3, large-scale coherent structures are seen in the
eigenfunctions resulting from the coarsely gridded rc36 simulation.
The lack of small-scale information in the rc36 eigenfunctions re-
sults in a fast decline in the eigenvalue spectra at both downstream
locations. This simulation is capable of capturing the large-scale
vorticity formations but is unable to capture the smallest scale co-
herent structures, the high intensity “worm” vortices as described
in Ref. 44. The finely gridded rc40 simulation is able to resolve
the worm vortices and thus captures more small-scale information
in the flow. These small-scale structures can be seen in the result-
ing eigenfunctions in Fig. A3 and cause the flattening of the rc40
eigenvalue spectrum as information is shifted from the lower to the
higher eigenfunctions, seen in Fig. A2 at y, =3.3De. At the down-
stream location y;, the eigenvalue spectra for the two simulations
are similar, and a subset of the first four eigenfunctions captures ap-
proximately 90% of the information in the flow for each simulation.
Farther downstream at y,, the same subset of eigenfunctions cap-
tures approximately 90% of the information in the rc36 simulation
but only 83.5% of the information in the rc40 simulation. Compar-
ison of the information content on additional grids would allow for
further evaluation of grid resolution; the convergence features are
likely to depend on ensemble specifics (e.g., number of samplings
involved, downstream location, etc.).

Appendix B: Proper-Orthogonal-Decomposition
Matrix Formulation

The matrix formulation of the POD is presented following the for-
mulation in Ref. 27. As stated in the main text, consider an ensemble
of distributions {n}. An individual distribution is a scalar function of
position and time n(x, z, #;) and can be written as n*(x). Consider C
as a matrix containing the ensemble distributions {rn*(x)} such that
each member of the ensemble is contained in a row of C of length
N, =N, x N, resulting in a N; x N, matrix:

n'(x)
C = (B1)
n™ (x)
We seek a system of orthonormal functions {¢* (x)} such that
(¢ (), ¢' () = / ¢ (x)¢' (x) dx = 8 (B2)
Q
Considera N, x N, matrix ® such that each row is a vector denoting
a member of the set {qbk x)}:
o' (x)
P = (B3)
PN (x)
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The set {¢} can then be normalized according to @GO’ =1. G is
an integration matrix used to approximate the spatial integration of
a function in the x and z directions using the trapezoidal rule. The
members of {¢} are chosen such that

1 &
b= (@) = 5 ) @) (B4)
fm=1

is a maximum.
The method of snapshots calculates ¢ as an admixture of distri-
butions, that is, “snapshots” in the ensemble.?’

N;
¢ = Zaknk (B5)

k=1

A two-time correlation matrix D is formulated according to

Dj = Ni(nj(X), n'(x)) = NL / n’ (x)n' (x) dx (B6)
t Q

t

leading to the matrix equation D= (1/N,;)CGCT, where D is a
N, x N; matrix. The coefficients {a;} are determined through so-
lution of the eigenvalue problem

Ny
Z Djkak = Aaj (B7)

k=1

This can be written in matrix form as DA = AA, whereAisa N, x N,
matrix, each row of which contains the time coefficients for all
eigenfunctions at a time step and A is a diagonal N, x N, matrix
containing the eigenvalues. This is the resulting eigenvalue problem
presented in the main text.
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